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Pierre-Simon Laplace
1749 - 1827
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Poisson’s and Lapl quation
Electrostatic fields and capacitance; iven distribution of a charge.
We will assume bounded med‘°$t necessarily homogeneous.
VeD=p wj
@ﬁ E=¢ VOE OEQG'O6

ogeneous media, Ve =0

eD=¢ VeE=p andwi
=¢ V-E=g‘¥ VJQ%OVV:—SVW:p
_ _p . q .
VA = 4— F'Po!ssons E'quatlon)
VA =0 (Laplace's Equation) when p = 0,
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Solution !\é'
VAV = 76\% VAV =0

* Analytic closegw:olutlon

Usually by the ho® of separation of variables and is possi problems with
boundarie: forms with one of the coordinates sy

w*@‘ﬂcal solution (with approxn

Usthg one of the well known numerical MoM MoL, TLM,
This type of solution usually inygl o><| to the geometry of the
problem and/or approxmatlomt emat ators involved.

Poisson’s and cs en@s require first and second
aj

order deriva at can pproximated using the Finite
Difference Methods.
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Definition of Derivativward Difference

F1() = lim,, A" 109
e formd S
Forward ce formula x€
o & 0%+ Ax) — f () : o}
AX
.
e
cOQ
A T4 Ax
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Definition of Derivative:eé&\%ard Difference
6°
?—Ax)

f'(x)limw%
Backward@ence formula A.Qb
CGROMN) — T (x- %) ; 1
“ AX
X i
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Definition of Derivative'@ral Difference

Consider the average of the fi and the backward difference
approximations for the di e of the function 7(x)at x
, f(x)—f (x—Ax
0~ (OB gy - RO
. xC
This ay %elds the central ;

di e approximation
at point x as
f(x+Ax)—f(

£/(x) ~

x - Ar ¥ r 4+ Ax
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First Derivative - &Q?leference
06\)

F1(x) ~ f(x+ (x-Ax) ~ l
‘Ko‘ 2AX X-AX éé X+AX
o o®

F100 ~ f(x+AX/2)— f(x= %i‘ g? NX/2  X+AX/2
Ax e A A XFAX

This central | gce forrms are second order accurate.
The proof will be discussed later in the course.
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Second Dwe
o l X-AX/2. X+Ax/2l

Using the central difference
approximation for the fi IVative

X-Ax X X+AX

”(Q@&+AX/Z)—V(X Aé‘@
6 f(x+Ax)—fv>&_$§)—f(x AX)

_zs@_*\'b—
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Taylor Series Approach fof roximating the
Deriv

f(x+h)= f(x)%‘+—f (x)+—f (x)+h—f (x)-
An exac%@éntation of f (x+h) if |nf|wber
of @a used. ‘Q
& fii‘g f(x) f(x+h)
~\(\Qx\ é‘\
COQ 6\

10/1/2012 Viewgraphs are Copyright © Dr. Atef Elsherbeni




FD_Approximations

Truncation Error - &Q‘\d Difference

f(x+h)=f(x) +w°§f "(x) + f7(X)+...,
..6

K°$x+h)—f(x) h b 100 f”,(x)

Orsso b h o
usually written as f’(x) w O(h)

Hence the forward di forws first-order accurate.
oQ & 0 e
x-h X X+h
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Truncation Error- de Difference
f(x—hy=f(x)-hf ’(@@’(x)—wf”'(x)+...,

A
or, 4 %QM h f(x) Lfm(x) -
§Ilywr|tten as f'(x)= f(x) ‘h)+ O(h)

Hence the backward di e for| .géfirst—order accurate.
YO b s
(PQ Ry 100 T

x-h X x+h
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First Derivative Us&ogylor Series

f (x+h)= f(x)+hf'(x) (x)+ f7(x)+...

f(x—h)= f(x X)+— f"(x)— f”’(X)+

taking Qﬁference glves ée
0\), f(x—h) = 2hf (x)+*&&

6 f(x+h) f(x Q

or £(x) = o(h )3\

Hence the first deri asec@e central

difference forrm econd order accurate
f(x—h)y f(x) f(x+h)

x-h X x+h
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Second Derivative Ugi ylor Series
) D ey N cm
f(x+h)= f(x)+hf'(x) x)+€f (x)+zf (x)+...,
n ., n ., h*
f(x—h)= f(x) )+?f (x)—gf (x)+2—4f X) =y

and sum Q es

B
fw Fx—h)=2f(x)+ 27 109 "(x) +O(h®)

rf”(x):f(x+h)—2f(x)+f(x o(h?)

12
Hence the second derivativi n ti al difference

‘zr‘\o\

QY O

o N-n) 0 f(x+h)

formula is second-order accurate

x-h X X+h
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Finite Difference Al imations

Derivative ~ Finite Difference Type  Error o Derivative Finite Difference Type  Error

Approximation

Approximation
af fi,—f

o St X .
X AXx ) (;—S 2 el 1 FD O(Ax)
fi-f X
Y “ =40 20y d 6 BD O(AX)
i CD O(Axy*
cD oxy?
FD O(Ax)?
€D 0Ax)*
BD O(AX)’

o +8f, -8+ fi
12Ax

Where
FD= Forward Di

BD= Backward D _ _
CD= Central Difference X—2A% X—Ax X X+AX

X+ 2AX

10/1/2012 Viewgraphs are Copyright © Dr. Atef Elsherbeni 14

Develop a Matlab program that Example #60

compute the forward, backward,
and central differences for the
first derivative of the function
y= e® cos (Bx) at equally
spaced points within the range
of x determined by 0 <= x <z
and with o, = 1.25 and

ber of points in the range, n=20

derivatiVes based on the
approximations BD, CD, and
FD.

In a separate figure sketch the
errors associated with the
approximate numerical °

Numerical derivative

derivatives.

All figures should be for
entire range of x.
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Example # 2 Witb@SO

points in the range, n=20

2

The derivative of the
function y= e cos (Bx)at ¢
equally spaced points within

the range of x determined by -2

O0<=x<=mand withoa = 1.2 ¢
andB=5.

— The Function
,,,,,, Exact Derivative

15 2 5 3 35
" xC

9
2 2
g
o
o FD Approximation
S -2f, BD Approximation|
2 CD Approximation|
E - P
2 35

—— FD Error
BD Error
CD Error|

3 35
x
" oovri . n=>50
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Matlab Program for %‘mple #2
7rar;! pi,n)
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H omework@\
A) Verify analytically that the shown 3&* are correct.

ar f 1, FD O(Ax)

(Ax)* 6
‘v‘ f2f 1, BD O(& eée

(AX)

eo f, 20+ f

- (Ax
., +16f,.,-30f, +16f,

12(Ax)? ‘\ ‘
COQ* «'a

CDO
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ard-, backward-, and central- difference
nalytical function exp(-ax) sin(Bx) with o = 0.3,

B=1.2at equally spaced N Ithin an the interval 0 <= x <= 6z

Notice that the fo difference formula cannot be applied a = 6=, and the
backwardi& e rmula cannot be applied at x = 0. e
In on et the program sketch the errors based on e approximations for

Eepeal for the case when N = 61.

©o*
Comment on the two figures. ‘Q \6\
oQ*
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End of I_S@e #2
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